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1 INTRODUCTION

This section provides brief descriptions of various key definitions and formulas that will be

used throughout the report.

1.1 Dot Product

Consider the space R3 compsising all of three dimensional space. The dot product of two

vectors ~v and ~w in this space as shown in the figure below is given by,

~v · ~w =
3∑

i=1

viwi (1)

Figure 1: 2 vectors in R3

Here vi and wi represent the projections of vectors ~v and ~w respectively onto the or-

thogonal vectors that span R3. This concept of dot product can be further extended to a

collection of vectors with a basis of rank N as follows,

~a ·~b =
N∑

i=1

viwi (2)

1Report designed using LATEX.
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1.2 Orthogonality And Orthonormality

The Basis of a vector space is a linearly independent set that spans the vector space. Suppose

we have an n-dimensional vector space with basis X1, ......., Xn and that a dot product is

defined on this vector space. This basis is considered an Orthogonal Basis if for all elements

of the basis,

Xi ·Xj = 0 if i 6= j (3)

The basis {X1, ......., Xn} will be an Orthonormal basis if it is orthogonal and Xi ·Xi =

‖Xi‖2 = 1 for i = 1, ...., n .

Consider the space R3 comprising all of three dimensional space. The unit vectors î, ĵ,

k̂ such that î ⊥ ĵ ⊥ k̂ spans all of R3 and therefore constitutes an orthonormal basis for R3.

The dot product of two vectors ~v and ~w in this space was illustrated in the previous section.

Next we consider the dot product of two continuous Riemann integrable functions f and

g. If the functions exist in the domain [a, b], their dot product, i.e. f · g can be expressed

as the Riemann sum of the products of the values obtained by sampling each function at

regular intervals, with a total number of intervals of N . This in equation form is,

f · g =
N∑

i=1

f((i− 1)∆x)g((i− 1)∆x)∆x (4)

Limiting N to approach infinity, the Riemann sums equate to,

f · g =

∫ b

a

f(x)g(x)dx (5)

In work in this report we will often take a = −π and b = π, thus limiting our domain to the

torus which is represented by the symbol T. Note also that alternative notation for the dot

product of f and g is 〈f, g〉, which is also used in this text. We will also define `p(Z) as a set

of coefficients ak such that the summation series of ‖ak‖p converges,

`p(Z) = {ak} :
∑

k∈Z
‖ak‖p < ∞ (6)

A similar definition is made for functions f as follows,

Lp(T) =

{
f, 2π − periodic : ‖f(x)‖p =

∫

T
‖f(x)‖pdx < ∞

}
(7)

A graphical description of the funtions f(x) and g(x) is provided below.
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Figure 2: Functions f(x) and g(x) at a regular sampling interval of 2π
N

1.3 Orthogonality Relationships

We now study various relationships between trigonometric sine and cosine functions to check

and see under what conditions the functions are orthogonal to each other based on the

definition of orthogonality described earlier. The functions looked at will be the sin(mx)

and cos(nx) funtions, where n,m ∈ N.

I)

〈cos(nx), cos(mx)〉 =

∫ π

−π

cos(nx) cos(mx)dx

Formula : cos C + cos D = 2 cos(C+D
2

) cos(C−D
2

)

if nx = C+D
2

and mx = C−D
2

, then, C = (m + n)x and D = (n−m)x

thus,

〈cos(nx), cos(mx)〉 =
1

2

∫ π

−π

cos((m + n)x) + cos((n−m)x)dx

=
1

2

[
sin((m + n)x)

(m + n)
+

sin((n−m)x)

(n−m)

]π

−π

3



thus,

〈cos(nx), cos(mx)〉 =





0, n 6= m,

π, n = m 6= 0,

2π, n = m = 0.

(8)

II)

〈cos(nx), sin(mx)〉 =

∫ π

−π

cos(nx) sin(mx)dx

Formula : sin C − sin D = 2 cos(C+D
2

) sin(C−D
2

)

if nx = C+D
2

and mx = C−D
2

, then, C = (m + n)x and D = (n−m)x

thus,

〈cos(nx), sin(mx)〉 =
1

2

∫ π

−π

sin((m + n)x)− sin((n−m)x)dx

=
1

2

[− cos((m + n)x)

(m + n)
+

cos((n−m)x)

(n−m)

]π

−π

thus,

〈cos(nx), cos(mx)〉 = 0 since, cos(pπ) = 0 when, p ∈ N (9)

III)

〈sin(nx), sin(mx)〉 =

∫ π

−π

sin(nx) sin(mx)dx

Formula : cos C − cos D = 2 sin(C+D
2

) sin(D−C
2

)

if nx = C+D
2

and mx = D−C
2

, then, C = (n−m)x and D = (n + m)x

thus,

〈sin(nx), sin(mx)〉 =
1

2

∫ π

−π

cos((n−m)x)− cos((n + m)x)dx
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=
1

2

[
sin((n−m)x)

(n−m)
− sin((n + m)x)

(n + m)

]π

−π

thus,

〈sin(nx), sin(mx)〉 =





0, n 6= m,

0, n = m = 0,

π, n = m ≥ 1.

(10)

IV)

〈1, sin(nx)〉 =

∫ π

−π

sin(nx)dx

thus, 〈 1,sin(nx) 〉 = − cos(nx)
n

∣∣∣
π

−π

thus,

〈1, sin(nx)〉 = 0 (11)

V)

〈1, cos(nx)〉 =

∫ π

−π

cos(nx)dx

thus, 〈 1,cos(nx) 〉 = sin(nx)
n

∣∣∣
π

−π

thus,

〈1, cos(nx)〉 = 0 (12)

1.4 Convergence Of Functions

This section describes ideas of convergence for sequences of functions and distinguishes be-

tween pointwise and uniform convergence for functions. Ideas of convergence developed in

this section will be utilized further on to describe the convergence properties of Fourier series

approximations.

A) POINTWISE CONVERGENCE: For each n = 1, 2, ......, let fn be a function defined on

a subset of real numbers. The sequence {fn(x)}n converges to g(x) pointwise if and only if

limn→∞ fn(x) = g(x) for each x. This pointwise convergence will be true if for any given x0

and any chosen ε > 0, ∃ N(x0) > 0 such that n > N(x0) ⇒ ‖fn(x0)− g(x0)‖ < ε.
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B) UNIFORM CONVERGENCE: For functions fn(x) and g(x) as described above, we say

that limn→∞ fn(x) = g(x) uniformly if for any ε > 0, ∃ N > 0 such that n ≥ N implies

‖fn(x)− g(x)‖ < ε, ∀ x.

The crucial difference between pointwise and uniform convergence is that in uniform con-

vergence we are able to chose a number N(ε) that works for every x. This is not necessarilly

possible in the case of pointwise convergence. The figure below clearly illustrates this. In

the uniform limit, if we draw a belt extending an amount ε on either side of the function f,

the for n > N(ε),fn(x) must be within this belt for every x.

Figure 3: Example of uniform convergence

2 FOURIER SERIES

In this section, the Fourier Series is defined and some of its features are studied.

2.1 Definition of Fourier Series

This section utilizes the ideas developed in section 1 in order to arrive at a series expansion of

a given function f(x). This series is titled the Fourier Series. The orthogonality relationships

developed are particularly used in order to arrive at the series. Further, ideas of convergence

of Fourier series will be explored.
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assume

f(x) = ã0 +
N∑

n=0

(an cos nx + bn sin nx)

Then,

〈f, cos(kx)〉 =

∫ π

−π

f(x) cos kxdx

=

∫ π

−π

a0 cos(kx)dx +

∫ π

−π

a1 cos(x) cos(kx)dx +

∫ π

−π

b1 sin(x) cos(kx)dx + . . .

. . . +

∫ π

−π

aN cos(Nx) cos(kx)dx +

∫ π

−π

aN sin(Nx) cos(kx)dx

From orthogonality relationships derived earlier, all but one term reduce to 0,

therefore,

=

∫ π

−π

ak cos(kx) cos(kx)dx

thus,

〈f, cos(kx)〉 =





akπ, k 6= m,

2akπ, k = 0.
(13)

〈f, sin(kx)〉 =
{

bkπ, k ∈ N. (14)

Which leads us to,

ak=
1
π
〈f, cos(kx)〉

bk=
1
π
〈f, sin(kx)〉

and ã0 = a0

2

If we consider N →∞, we obtain the following summary of Fourier Series Formulae,

Fourier Series Formulae

an =
1

π

∫ π

−π

f(x) cos(nx)dx, n ≥ 0 (15)

bn =
1

π

∫ π

−π

f(x) sin(nx)dx, n ≥ 1 (16)

a0 =
1

2π

∫ 2π

0

f(x)dx (17)

Fourier Series for f(x) :-

f(x) 7→ a0

2
+

∞∑
n=0

(an cos(nx) + bn sin(nx)) (18)
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2.2 Quality of Fourier Series

In this section we describe a proof that demonstrates that a function description using Fourier

coefficients is the best possible approximation by comparing the error we obtain while using

Fourier Coefficients with that obtained by using arbitrary functions.

Let {φ1, φ2, φ3, . . . , φn} be an orthonormal set of functions and let {c1, c2, ...., cn} be the

Fourier coefficients for a funtion f ∈ F with respect to this set ( where F represents all 2π

periodic piecewise continuous functions), i.e.

ci =

∫ π

−π

f(x)φi(x)dx = 〈f, φi〉 i = 1, . . . , n (19)

Let di, 1 ≤ i ≤ n be another sequence of arbitrarily chosen reals. We define two summa-

tion sequences as follows,

Sn(x) =
n∑

i=1

ciφi(x) (20)

and,

Tn(x) =
n∑

i=1

diφi(x) (21)

To prove that the Fourier series constitutes the best approximation, it will be shown that

the L2 norm of the error is smaller for Sn than for Tn. In other words we will show that,

〈f − Sn, f − Sn〉 ≤ 〈f − Tn, f − Tn〉 (22)

If equality holds, ci = di ∀ i. We now prove this result to verify the theorem. We first

look at the L2 norm for Tn,

〈f − Tn, f − Tn〉 =

∫ π

−π

f(x)−
n∑

i=1

diφi(x)

2

dx

=

∫ π

−π

(f(x))2 − 2f(x)
n∑

i=1

diφi(x) + (
n∑

i=1

diφi(x))2dx

= 〈f, f〉 − 2
n∑

i=1

dici +
n∑

i=1

d2
i

= 〈f, f〉 −
n∑

i=1

c2
i +

n∑
i=1

c2
i − 2

n∑
i=1

dici +
n∑

i=1

d2
i

8



= 〈f, f〉 −
n∑

i=1

c2
i +

n∑
i=1

(ci − di)
2 (23)

We now look at the L2 norm for Sn and compare it to the L2 norm of Tn,

〈f − Sn, f − Sn〉 =

∫ π

−π

f(x)−
n∑

i=1

ciφi(x)

2

dx

= 〈f, f〉 − 2
n∑

i=1

c2
i +

n∑
i=1

c2
i

= 〈f, f〉 −
n∑

i=1

c2
i (24)

Comparing equations 23 and 24 we can conclude that,

〈f − Tn, f − Tn〉 = 〈f − Sn, f − Sn〉+
n∑

i=1

(ci − di)
2 (25)

The above equation clearly proves what we set out to prove in equation 22 since the last

sum is strictly non-negative.

2.3 Bessel’s Inequality

This inequality is derived from the inequality established in equation 24. We notice 〈f −
Sn, f − Sn〉 ≥ 0 since it represents a dot product of two like terms. Thus, we have the

following relation,

〈f − Sn, f − Sn〉 ≥ 0

〈f, f〉 −
n∑

i=1

c2
i ≥ 0

〈f, f〉 ≥
n∑

i=1

c2
i (26)

Equation 26 above is Bessel’s inequality. For the orthogonal basis defined earlier,

{1, cos x, sin x, . . . , cos(nx), sin nx} ,

‖ cos nx‖2 = ‖ sin nx‖2 = π, for n≥ 1 (27)

We have defined Fourier Coefficients for this orthogonal basis to be,
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ao =
1

π
〈f, 1〉, an =

1

π
〈f, cos nx〉, bn =

1

π
〈f, sin nx〉 (28)

Coefficients for the corresponding orthonormal system would be, ao
√

π√
2

, an

√
π, bn

√
π.

Applying Bessel’s inequality to this normalized basis we now have,

π

{
a2

o

2
+

n∑
i=1

(a2
i + b2

i )

}
≤ ‖f‖2

a2
o

2
+

n∑
i=1

(a2
i + b2

i ) ≤
1

π
‖f‖2 (29)

2.4 Riemann - Lebesgue Lemma

This lemma uses the results earlier obtained to prove that the terms an and bn earlier defined,

converge to 0 as n →∞.

To prove this we first realize that,

∞∑
i=1

a2
i ≤

∞∑
i=1

a2
i + b2

i (30)

From the results of Bessel’s inequality earlier derived in equation 29,

a2
0

∞∑
i=1

a2
i + b2

i ≤
1

π
‖f‖2 ≤ ∞ (31)

This holds true since the integral to the right convereges. Thus, since

∞∑
i=1

a2
i < ∞

i.e. the sum converges, then, limn→∞ an = 0. We can show the same holds true for bn by

applying a similar procedure.

2.5 Visual Understanding

In this section we attempt to visualize some of the Fourier relationships earlier derived. We

will attempt to construct a Fourier approximation for the funtion f(x) over the domain -2

to 2. We will first look at the Fourier approximation with 1 term and subsequently increase

the number of terms to observe a better approximation for a higher order Fourier series.
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Figure 4: First order Fourier approximation for f(x)=x

The function f(x) chosen above is the f(x) = x function shifted by 2 units at intervals

of 2 units. We now look at the approximation when we increase the number of terms to 5.

We can see that the Fourier series approximation becomes better2.

Figure 5: 5th order Fourier approximation for f(x)=x

2Graphs constructed in Maplesoft MAPLE 9.5.
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We now increase the number of terms to 20 and as we can clearly see the function ap-

proximation becomes nearly exact.

Figure 6: 20th order Fourier approximation for f(x)=x

3 FOURIER SERIES FOR DISCRETE DATA

In this section we derive the discrete Fourier transform and the inverse discrete Fourier

transform. We first study concepts of Kernel and the Dirichlet Kernel in particular, to

arrive at the required results.

3.1 The Kernel and Dirichlet Kernel

We first look at the concept of Kernel. Consider the integral,
∫ π

−π

f(y)k(x− y)dy (32)

For an integral of this form, we call k(..) a kernel. Notice that the above integral defines

a funtion on x. So any kernel actually creates a map from functions on [−π, π] to itself.

We now look at a particular type of Kernel called the Dirichlet Kernel of order N. This

is defined as,

Dn(x) =
1

2
+ cos x + cos 2x + . . . + cos Nx (33)
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Since we are dealing with the cosine function we know that

1

π

∫ π

−π

Dn(x)dx = 1

Using Euler’s formula for complex numbers we can show that,

Dn(x) =





N + 1
2
, x = 2πm,m ∈ Z,

sin(x(N+ 1
2
))

2 sin(x
2
)

, otherwise.
(34)

We now see how the Dirichlet Kernel applies to the Fourier Series defined earlier,

∫ π

−π

f(u)DN(x− u)du

=

∫ π

−π

f(u)

{
1

2
+

∫ N

n=1

cos n(x− u)

}
du

=
1

2

∫ π

−π

f(u)du +
N∑

n=1

∫ π

−π

f(x)[cos nx cos nu + sin nx sin nu]du

=
a0

2
+

N∑
n=1

an cos nx + bn sin nx (35)

which is the Fourier series formula where an and bn are Fourier coefficients. We now look

at a funtion RN(x) which will help measure error in the Fourier series approximation of a

funtion f(x).

RN(x) =
1

π

∫ π

−π

f(x)− f(x− t)DN(t)dt

=

∫ π

−π

f(x)DN(t)dt−
∫ π

−π

f(x− t)DN(t)dt

= f(x).(1) +

∫ π−x

π+x

f(u)DN(x− u)du

= f(x)−
∫ π

−π

f(u)DN(x− u)du

= f(x)− SN(x) (36)

Where SN(x) is the Fourier approximation as in equation 35.

3.2 Discrete Fourier Transform

Earlier we defined the Fourier series in terms of trignometric functions in equation 18. Euler’s

formula expresses the exponential funtion in terms of the trignometric functions and complex
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i,

eiθ = cos θ + i sin θ (37)

Using this identity, we can express the Fourier series formula is terms of the complex

exponential function and coefficients ck as follows,

f(x) =
a0

2
+

∞∑
n=0

(an cos(nx) + bn sin(nx))

=
1

2

∑

k∈Z
cke

−ikx (38)

where,

ck =





ak + ibk, k > 0,

ak − ibk, k < 0,

a0, k = 0

The function f is defined on the Torus as described earlier. The coefficients cn however,

are defined on the intgers. We can obtain the entire real number sequence by integer shifts

of 2π on the torus. We obtain the following relations,

⋃

k∈Z
(π + 2πk) = R (39)

⋃

k∈T
(x + 2πZ) = R (40)

We use the complex number expression of the Fourier series in order to define the discrete

Fourier transform. The set {ak}k∈Z in a set of complex numbers where each{ak} is a complex

number. The discrete Fourier transform of {ak}k is defined as,

â(ξ) =
∑

k∈Z
ake

−ikξ (41)

For the coefficients ak we will assume that conditions for `2 are satisfied that is the

following sum is convergent, ∑

k∈Z
|ak|2 < ∞ (42)

Now that the discrete Fourier transform is defined, we will try to extract the coefficients

ak from the transform â(ξ). Consider coefficients ck such that,
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ck =
1

2π

∫

π

â(ξ)eikξdξ

=
1

2π

∫

π

(
∑

k∈Z
ake

−ikξ)eikξdξ

= ak (43)

3.3 Dicrete Finite Fourier Transform

Consider the space RN as depicted below.

Figure 7: Discrete space RN

Values m,n are part of this space. We will now try to understand the concept of ‘mod’

for these two values. If m = 3, n = 2 and N = 4 we can clearly see that,

NZ+ (m + n) = 4Z+ 5

= 4Z+ 1

Thus for this given data, the mod is defined as 3+2 = 1(mod 4). Thus for (m+n)(mod N)

we just subtract N a fixed number of times from m+n if we go out of the space. Similarly

we define Z mod NZ and use the notation Z/NZ for it. We notice that,

N−1⋃
j=0

(NZ+ j) = Z

⋃

j∈Z/NZ
(NZ+ j) = Z (44)

We now define a value ωN as the Nth order root of unity, which means, ωN = 1. Consider,

ω = e
2πi
N = cos

2π

N
+ i sin

2π

N
(45)
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Observe that,

zN − 1 = (z − 1)(zN−1 + zN−2 + . . . + z2 + 1) (46)

1 + ωN + . . . + ωN−1
N = 0 (By substitution z = ωN) (47)

Thus, as an example, if N=3,

1 + ei 2π
3 + ei 4π

3 = 0 (48)

or when N=4 we have,

i + i2 + i3 + 1 = 0 (49)

We notice that the a function defined on Z/NZ can be thought of as an element of RN .

We now define the Discrete Finite Fourier Transform for a function f defined on Z/NZ where

f ∈ RN . f(m) is the value of the function f at m where, m ∈ Z/NZ. The discrete finite

Fourier transform f̂(k) is,

f̂(k) =
1√
N

N−1∑
n=0

f(n)e
−2πi

N
kn (50)

The inverse Discrete Finite Fourier Transform is defined as,

f̌(n) =
1√
N

∑

k∈Z/NZ
f(k)e

2πi
N

kn (51)

In order to see that the finite Fourier transform and its inverse as described above makes

sense, we apply the inverse transform to a transform on f(m) and check to see if we can get

back the same function,

ˇ̂
f(m) =

1√
N

∑

k∈Z/NZ
f̂(k)e

2πi
N

km

=
1√
N

∑

k∈Z/NZ

1√
N

∑

n∈Z/NZ
(f(n)e

−2πi
N

kn)e
2πikm

N

=
∑

n∈Z/NZ
f(n)

1

N

∑

k∈Z/NZ
e

2πik(m−n)
N

=





f(m), n = m,

0, n 6= m.
(52)

Thus,
ˇ̂
f(m) = f(m).
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3.4 APPLICATION

We will now apply the finite Fourier transform earlier obtained to image processing and

compression. An image can be understood as a two dimensional set of discrete data. An

image comprises of pixels and in the case of a black and white image, each pixel has a specific

intensiy value. These values represent the discrete data that we will process.

Figure 8: Original Image

Since the image comprises a 2 dimensional set of data we will use the 2-D Discrete finite

Fourier transform and its inverse, formulae for which are,

x̂(l, m) =
1

N

N∑
j=1

N∑

k=1

xj,ke
−2πijl

N e
−2πikm

N (53)
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x̌(j, k) =
1

N

N∑

l=1

N∑
m=1

xl,me
2πijl

N e
2πikm

N (54)

In these formulae, the co-ordinates (l,m) and (j, k) denote specific pixels on the picture

and N is the number of pixels on the edge of a square picture. Matlab code is used in

order to apply the discrete finite Fourier transform to an image. After this, the transform is

manipulated in order to retain a certain fraction of transform elements and the rest are set

to 0. Following this the modified transform is converted back to the image using the inverse

discrete finite Fourier transform. The image we will use here is of size 256x256 meaning that

it is a square image with 256 pixels to an edge. The original image with no transformation

applied is shown in Figure 8.

Figure 9: Image of the transform
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Image 9 is the output image after the Discrete finite Fourier transform is applied to the

original image. Notice that the black area of the image represents the Pixels that were set

to 0 during the compression. We will now apply the inverse discrete finite Fourier transform

to image 9 in order to obtain our compressed image.

Figure 10: Image of the inverse transform - compressed

Notice that in the images, the transformed image achieves a significant compression of

about 5.12 : 1 without significant loss in image quality. It is thus possible to achieve smaller

compressions using the discrete finite Fourier transform (such as 2:1) with almost no loss in

image quality3.

3Imaging done using The MathWorks Matlab 7.
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